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Original Investigations

The Jahn-Teller Effect in Icosahedral Molecules
and Complexes
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The adiabatic potential surface for icosahedral systems having three-, four- and
five-fold degenerate orbital states interacting with five-fold degenerate vibra-
tions (7-v, U-v and V-v problems) is investigated. It is shown that for the T-v
and V-v Jahn-Teller cases the potential surface possesses respectively a two-
or three-dimensional equipotential continuum of minima. For the U-v problem
the potential surface contains 15 equivalent minima. The nature of the extre-
mum points on the adiabatic potential surfaces is elucidated. In the linear
approximation to the V-v problem in the minima points the lowest potential
surface is double degenerate due to the accidental occurrence of axial symmetry.
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1. Introduction

Almost all previous studies on the Jahn-Teller effect have been devoted to systems
with a not higher than cubic symmetry [1-5]. Molecules with higher symmetry,
e.g. icosahedral molecules, are much more complicated to treat, due to the high
orbital and vibrational degeneracies of three, four and five. However, the number
of polyatomic systems of icosahedral symmetry is increasing [ 6-9]. In each of these
molecules the ground or first excited electronic states are degenerate and the analysis
of their properties is impossible without investigation of the vibronic Jahn-Teller
effects.

In this communication we present some results of the linear Jahn-Teller effect
operating in polyatomic icosahedral systems possessing orbital three-, four- or
five-fold degenerate electronic terms interacting with five-fold vibrations. We are
thus treating the linear T-v, U-v and V-v problem respectively. The first stage of
the investigation consists in the examination of the topology of the adiabatic
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potential. This makes it possible to resolve the energy spectrum problem and to
estimate the manifestations of the effect in the observable properties. After the
overall theoretical analysis of the Hamiltonian (Sect. 2) the interaction of the
electronic states with five-fold degenerate vibrations is considered (Sects. 3-5).
Finally we present an analysis of some possible experimental manifestations of the
effect.

2. The Hamiltonian

The simplest species of icosahedral molecules are the proper icosahedron and the
pentagonal dodecahedron. The reducible vibrational representation for these
molecules may be expressed as a sum of irreducible representations. Making use of

Fig. 1. The simplest polyhedra having ico-
sahedral symmetry. a Pentagonal dodeca-
hedron, b Icosahedron. The C; axis
a 4 coincides with the z axis,

McLellan’s designations for the icosahedral irreducible representations [ 10] where
U denotes a four-fold degenerate representation and V is a five-fold degenerate
representation we find: for the pentagonal dodecahedron 4,+ 7', +T,,+2T,, +
20,+2U,+3V,+2V,and for the icosahedron 4, + T, ,+ T2u+ U+ U2V +V,.
The symmetric products of the icosahedral 1rredu01ble representatmns are [11]
[T2,1=A+V; [U*]=A+U+V; [V?]=A4+U+2V. The following Jahn-Teller
cases are therefore possible: an electronic triplet coupled to the five-fold vibrations
(T®(v,+1v,); the electronic quadruplet coupled to the four-fold and five-fold
vibrations (U®(u+ v, +v,)), and the electronic quintet coupled with the five-fold
and four-fold degenerate vibrations (V® (u+ v, +v,)).

The Hamiltonian of the molecule may be written as follows:
H=H(r)+ ), Vr,(rQr,+ H,(0). 1
ry

Here H (r) is the electronic Hamiltonian in the high symmetry nuclear configura-
tion. The second term in (1) is the vibronic interaction, being linear in the normal
displacements Qr., of the nuclei. I" and y are indexes of the irreducible representa-
tions and their rows, contained in the reducible vibrational representation of the
molecule. The H (Q) is the usual Hamiltonian of the harmonic vibrations of the
nuclei:

H(O)=Y [( h*2mp) —- 202, +KFQ”/2—|

Iy
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where my- is the reduced mass and K. is the force constant for the Oy, vibrations.
Proceeding to the matrix representation of the electronic operators in the Hilbert
space of the electronic wave functions within the degenerate electronic term mani-
fold, and using the Wigner-Eckart theorem, one may rewrite the Hamiltonian (1)
as follows:

H= FZ ViQr,Cr,+ H(D)C,y. @

Here C is a unit matrix, Cy, are Clebsch-Gordan coefficient matrices as defined
in electronic space, V- are the reduced matrix elements (vibronic constants) for the
vibronic interaction with five-fold degenerate vibrations only. The other coupling
terms are put equal to zero.

The usual way to solve the Jahn-Teller problem is to investigate the topology of the
adiabatic potentials and then to consider the vibronic equations using the Hamil-
tonian (2). The situation under consideration is extremely complicated due to the
interaction with at least two active quintet modes. However the qualitative proper-
ties of the adiabatic potential may still be elucidated since the number of extremal
points and their symmetry is independent of the number of the interacting quintet
modes. In order to prove this statement one has to make the scale transformation
for each degree of freedom g, = er\/l?r. In so doing the operator for the potential
energy of the elastic distortions becomes isotropic: 3 r, qlz_y/Z. Now performing the
orthogonal transformation in the space of the new coordinates gr. :

X,=[(VNKDay,+ VoI KDa IV
Y, =LV K4, ~ Vol KDa IV 3)

where

V= VK +ViK, (3a)

one observes that due to its isotropy the operator for the potential energy of the
elastic deformations is unchanged but the vibronic interaction takes the following
changed form:

VZXYCVV' (4)

As one can see from Eq. (4) only five degrees of freedom X, are active in the Jahn-
Teller effect. Actually the kinetic energy operator is not isotropic and so the
orthogonal transformation (3) also produces a coupling term, bilinear in the
impulses —if(0/0X,) and —ih(0/0Y,), describing the dynamic interaction between
the coordinates X, and Y,. This is due to the fact that the coordinates X, and Y, are
not normal modes in contrast to Q. If, however, we consider only the static
problem, i.e. the extremal properties of the adiabatic potential, then the interaction
between the X, and Y, modes does not affect the qualitative results and the problem
is similar to the case of the one-mode Jahn-Teller effect. Therefore we shall now
confine ourselves to the case where only one vibronic coupling constant among the
V, is nonzero.
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3. The Icosahedral Triplet

A triplet representation of the icosahedral group can be generated by the reduction
of the general rotation group. In so doing the seven-dimensional representation
D? of the R(3) group splits into the irreducible representations 7, and U, and the
real wave functions for the electronic 7, triplet possess the following transforma-
tion properties:

| Ty ~x* —3xy? + 3x2z~3y?z,

|T,B>~3x%y—p>+6xyz, (5)

[T,y ~ 2(3r% — 522).
The quintet representation results from the D? representation of the R(3) group

by reduction to the icosahedral one: D? = V. Therefore the transformation proper-
ties of the real normal quintet coordinates Oy, are well known:

0,~(B22=L/3,  Q,~2xz
Q~2xy,  Q~y ~x*, Q~2yz. (6)
It can be easily shown that the Clebsch-Gordan coefficient matrices Cy,, for this

case [12] have the same form as for the Jahn-Teller cubic triplet linearly coupled
both to e, and ¢,, modes:

-1 0 0 1 00
.=,/ 0o -1 0}, c¢=lo -1 0}
0 0 2 0 0 0 @
000 00 1 010
c.={o o 1}, «c,=lo 0o 0}, ¢=|1 0 0}
010 100 00 0

As one can see from Eqs. (2) and (7) the Hamiltonian describing the Jahn-Teller
effect in the icosahedral triplet is similar to the cubic one if the force constant K,

Fig. 2. The optical band shape of the singlet-triplet transitions. a 4 — T absorption, b 7— A4 lumi-
nescence, K is the nondimensional vibronic coupling constant: K= V(hw3m) ™ !/?



The Jahn-Teller Effect in Icosahedral Molecules and Complexes 91

equals K and the vibronic coupling constant V; equals V. As it has been shown
by O’Brien [13, 14] a two-dimensional variety of extrema points on the five-
dimensional adiabatic potential surface with the Jahn-Teller energy E,;=
—2¥?/3K occurs in this case. Unfortunately it is impossible to make use of the
O’Brien’s result directly on the dynamic properties of the icosahedral molecule
because of the bilinearity in the impulse interaction between the X, and Y, men-
tioned above. If, however, this interaction is weak (which is possible in the case
of K,/m ~K,/m,) then in first approximation one can make an extension of
O’Brien’s results for the cubic system to our icosahedral case. In so doing one can-
not make use of the detailed energy structure obtained numerically by O’Brien,
since the mentioned interaction changes the vibronic energy levels. However
integral characteristics, such as the optical band shape of an 4 — T'absorption and
a T'— A emission (see Fig. 2), as well as the ground state energy and vibronic re-
duction factor dependence on the vibronic constant (Figs. 3, 4) can, especially in
the case of strong vibronic coupling, be relied upon.

©

Fig. 3. The ground state energy in the hw
units; K is the nondimensional vibronic
coupling constant: K= V(ha’m)~12; S is
the Jahn-Teller stabilization energy in the
ho units: S=|E |/hw. k

Fig. 4. Dependence of the vibronic re-
duction factor of the electronic operators
transforming as 7 and ¥ irreducible re-
presentations on the nondimensional
vibronic  coupling constant K=
V{(hw®m)™ 12 and on the nondimensional
Jahn-Teller stabilization energy S=
|Ey)/heo.
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4. The Adiabatic Potential for the Icosahedral Quadruplet

The quadruplet representation U occurs from the R(3) group rotational representa-
tion D*:D3=T,+ U. Hence the basis wave functions for the U representation
transform as follows:
|1y~ p® —3x2y—dxyz,
|U2) ~x3 ~3xy* —2x%z + 2zy7, .
U3y~ 302 —52%), ®
|U4y ~ x(5z% —r?).

The transformation properties (6) and (8) result in following Clebsch-Gordan co-
efficient matrices [12]:

10 0 0O -2 0 —-1 0
C_0100 c 02 01
V0 0 —1 of =1 0 0 0},
00 0 —1 01 00
00 0 —1 0 0 -1 0
001 0 0 0 0 -1
C,= = 9
¢ 010 2F G —1 0 -2 of ©
-1 02 0 0 -1 0 2
-2 0 1
- 010
C,=
1 00
1 00 0

determined in the Hilbert space of the electronic wave functions of the icosahedral
quadruplet. The Opic-Pryce procedure [15] has been applied to the investigation
of the extremal properties of the U-v problem adiabatic potential. The adiabatic
wave functions have been taken in the following form: Y=Y, a,| Ui). In the
extremal points the adiabatic potentials of the problem &(Q)={P|U|'PD, U being
the potential energy matrix, should satisfy the equation 6&/6Q,=0. By means of
these equations we have obtained the following expressions for the extremal
coordinates: Q= —V{P|C,|¥)/K. Substituting these expressions in the eigen-
value equation U¥ = £Y, one receives a set of four equations for the coefficients g;
and the potential energy &(Q°). Solving these equations consistent with the
normalization condition ¥, > =1 one can find the @, and £(Q°).

This set of equations is nonlinear and therefore we must turn to symmetry con-
siderations in order to solve it. The distortions of the molecule in the extremal points
of the adiabatic potential are along the symmetry axes. The icosahedral symmetry
of the molecule is reduced under such distortions to a subgroup. The operations R of
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the subgroup includes the rotations in the electronic space such that the electronic
wave function transform as a non-degenerate irreducible representation, i.e.
RY¥ =+ Y. Thus, for example the matrices R,, R,, R, of the rotations about the
axes C,, C;, C; respectively (see Fig. 1) has in the electronic U term space the
following form:

[0 o -1 o
0 ~2/5 0 —I4/5
R,= ;
-1 0 0 0
| 0 —1/5 0 25
U 0 (/5+1)/4 —/5-522
SSHVSIVI0 (S-S —/5-52/10 —(/5+1)/a/5
Ry= -
: —(J5-1)/4 ~5+522 0 0
| —VS+H3100 (SS-nmaSs Ss=S5/100 (S5
[~(f5rna - 5=y o
S5 S52 (314 0
Ry=
0 0 VR NN N
L 0 0 SN NN

Since the RS matrices have only imaginary eigenvalues there are no extremal
points on the adiabatic potential of the U-v problem, hence no distortions of the
molecule along the five-fold axes occurs. By rotating about the C, axes one receives
some additional equations for «,:

R,¥V=Y; a;=—a, a,=—(/5+2)a, (10)
R,Y=-Y, a;=ay, a4=(\/5—2)a1. (11)

Substituting the Eqgs. (10) and (11) in the Opic-Pryce system of nonlinear equations
we find the coefficients a;, the coordinates QY of the extremal points and the energies
&(Q°) of the adiabatic potential in the extremal points. The results are presented in
Table 1. Similar considerations for the three-fold axes do not result in new types
of extremal points.

The new normal frequencies and new normal coordinates in the extremal points
one can also find by means of the Opic-Pryce procedure. For a small displacement
4Q, from the extremum, Qy=Q;’+AQy, one obtains for the lowest adiabatic
potential surface (in second order approximation of the perturbation theory in

40.):
EQ=EQ)+KY 40,2=V? Y W,,40,40Q,., (12)
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W= [KP|C|Px> CP|C,|Pr)|VLELQ) — E(Q)]. (13)

The summation in (13) is performed over all adiabatic potentials but the lowest.
The diagonalization of the quadratic sum (13) may be carried out by means of
group theory. The nuclear configurations presented in Table 1 have the D, sym-
metry for which the icosahedral quintet representation splits as follows: V=
2A+B,+ B,+ B,. The two A representations can be separated by solving the
quadratic equation. The symmetry combinations AQ'= ¥, C} 40, of the D,
group has been obtained by means of the projection operator technique. The
coefficients C and the new force constants K. are given in the Table 1. As one
can see, three types of 15-fold extrema corresponding to the C, axes results for the
adiabatic potential (U-v). Types I and II are saddle points, whereas points of type
I are minima with E ;.= —25V?/6K.

5. The Adiabatic Potential of the Icosahedral Quintet

The Clebsch-Gordan coefficient matrices acting in the quintet electronic wave
functions space and describing its interaction with the five-fold degenerate mode
may be constructed by means of the transformation properties (6):

20 0 00 0 1 0 0 0

01 0 00 1 0 0 —/3 0
¢=loo -2 oo}, c=lo o o 0y3]}

00 0 —20 0 —/3 0 0 0

00 0 01 0 0 3 0 0

0 0 20 0 0 00 -2 3

0 0 00 3 0 —J3 0 0 0
c=[-2 o o0 of c¢f0o o0 0o of

0O 0 00 0 2 00 0 0

0 J3 00 0 0 00 0 3

0o 0 0 o0 1

0 0 3 0 0
c=lo 3 o o ol (14)

0 0 0 0 3

1 0 0 /3 0

In the absence of vibronic coupling the Hamiltonian (1) separates into the two
H(r) and H,(Q) terms. In the Hilbert space of the quintet electronic term the
operator H (r) is represented by a 5 x 5 matrix. The general symmetry group of this
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Table 1. The features of the extrema on the lowest adiabatic potential sheet for the
U-v problem. Coordinates Q° for one of the extrema points, electronic wave function
in the extremum (the coefficients g, ), the extremum potential energy £(Q°), coefficients
C7 of the linear combinations, determining the new normal coordinaies in the extre-
mum, and the corresponding new force constants K. are given for three types of 15-
fold extrema. The coordinates Qr, are given in V/K units and the extrema energies

in V%/K units.

95

matrix contains all the unitary transformations in the above electronic space. It
is the U(5) symmetry group, and if we drop the nonessential phase factor opera-
tions then it reduces to the SU(5) group. The Hamiltonian H (Q) of the five-
dimensional isotropic harmonic oscillator possesses also U(5) symmetry. It may
also be reduced to SU(5). Thus, the general symmetry group of the uncoupled
V-v problem is at least SU(5) x SU(5). Among the 24 infinitesimal operators of the
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SU(S) electronic group there are three components of the electronic orbital
momentum:

0 0 0 0 i3 0 i/3 000
0 0i 0 0 —iJ3 0 0 i 0
s=| o -ioo0o o] s=f 0o 0o 00
0 00 0 —i 0 -i 0 0 0
—iJ3 0 i 0 0 0 —i 00
000 0 0
0 00 0 —i
S,=j0 0 0 -2 0} (15)
0 0 2 0
0 i 0 0 0

Similarly among the 24 infinitesimal operators of the vibrational SU(5) group
there are three components of the vibrational momentum:

Lx: 3(914})5—- QCPu)+(QuP.§_ QéPu)—(QnPQ_QCPn)J

L,=-3Q,P,—Q,P)+(Q.P,—QP)+(QP— QP (16)

L=—(QP— QcPa)‘ 2(Q§Pn— QrfPé)‘
It can easily be shown that when the vibronic coupling is taken into account only
three constants of motion — the three components of the full angular momentum
J=L+ S — remain of the initial 48 in the zero order problem. This means that the
symmetry of the problem is reduced to the R(3) rotation group. In a way the opera-
tor of the vibronic coupling is analogous to the spin-orbit coupling operator which
reduces the R(3) x R(3) group (describing the orbital momentum and the free spin of
electrons) to the R(3) group describing the full momentum J= L+ §. An analogous
situation was investigated for the first time by Moffitt and Thorson [16] for the
cubic (irigonal) E-e problem.

The kinetic energy operator and therefore the so-called operator of nonadiabati-
city, which appears when passing to the adiabatic electronic basis, are the invariants
of the initial SU(5) x SU(5) group. Hence the adiabatic potentials of the problem
also possess the R(3) symmetry. As a matter of fact the constant of motion J, when
subjected to a unitary transformation which diagonalizes the potential energy
matrix, is readily seen to become equal to L acting in the nuclear space only. It
follows that the five-dimensional surfaces of the adiabatic potentials possess the
three-dimensional equipotential characteristics. In particular the exiremem points
form a three-dimensional potential trough.

It seems therefore natural to try to separate the three degrees of freedom ¢, ., ¢,
and ¢, conjugated to three components of J and then to investigate the extremum
points of the adiabatic potential in the subspace of the remainder two coordinates.
The E-e problem, in which the axial symmetry makes it possible to investigate the
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extremum points but in the radial direction, is analogous to the above one. In
order to separate the ¢, ¢, and ¢, coordinates it is necessary to know the de-
pendence of the coordinates O, on the new curvilinear coordinates ¢, ¢,, @, 01, p:

QyzQy(QDx, qDy: (pza pla pZ) (17)
The unitary shift operation

SQ.S™1=0 (¢, +o,, 0,0, ¢+, py, p3)
S= [] exp(ixL)

1=x,9,z

(18)

gives us the former five variables Q, in terms of the new eight variables ¢, ¢,, ¢,,
P15 P2, Oy, @y, 0, the o, o, a_ being the additives to ¢,, ¢,, @, respectively. It
is of course necessary to impose the three restricting conditions o, =«,=a«,=0, or,
similarly, ¢, =¢,=¢,=0. As there are no restrictions in the choice of the 0 (p,, p,)
function (the Q. (o, , «,, «,) function being the one sought for) they may be chosen
arbitrarily provided they do not affect the variables o, a,, o,. The equations
Qé((px-i_ax’ q)y+ ay’ (pz+azi pl’ p2)|1x=ay=az=0= Q¢§=O
Q”((px+ax= (py+ay7 (Pz+(xz5 pl’ pz)lax=1y=az=(): Qr]=0 (19)
Q{(¢x+ax’ (py+aya QDZ‘HXZ, p1a pz)l:xx:ay:azzozgg:o
are consistent with these requirements. The transformations (19) can be readily
performed inthe 0,, Q,, O, Q,, @, coordinate representation in which the opera-
tor L is known (see (16)). For example Q, takes the following form
0,={0.(—1+3 cos 20,_+3 cos2,+ 3 cos 2a, cos2o )+
+ QU[—2\/3—(1 +cos 2a) sin 20, cos o, +4\/§ sin 2a, cos a,
sin a, ]+ er\/g[—4 sin 2o sin o cos 20, + (1 -3 cos 20, + cos 200+
cos 2a, cos 2o ) sin 2o, 1+ Q, ﬁ[4 sin 2« sin o, sin 20+ (1 -3
cos 2o+ cos 20, + cos 2o, cos 2u ) cos 20,1+ Q, 2\/3_[(1 + cos 2a,)
sin 2o, sin &, +2 sin 2, cos a, cos a,]}/8.
Analogous expressions can be obtained for 0,, 0., 0,, O,. Using the conditions
(19) and taking into account that @, and Q, correspond to p, and p,, we can pass
from the normal coordinates Q, to the new curvilinear coordinates o, Oy 0y P15 Po
as follows:
0,={p,(—1+3 cos 2 +3 cos 20, +3 cos 20, cos 20,) +
+p,[—2/3(1+ cos 2a,) sin 200, cos o, + 4./3 sin 20, cos o, sin «,]}/8,
sz[\/.’:p1 cos &, sin 20, +2p,(cos &, cos 2a, cos o, + sin «, sin a, sin «,)]/2,
0,= [—\ﬁ Py sin o, sin 20, +2p,(—sin «, cos 2« cos «,+ cos «, sin a,
sin o,)]/2,
0,= {\/gpl(— 1 — cos 2a, cos 2o, — cos 201, + 3 cos 2a, ) —
—2p,[(3—cos 2a,) sin 2x, cos a, +2 sin 2o, cos a, sin «,]}/8,
Q.=[- \/§p1(1 +cos 2a,) sin 2o, +2p,(sin 2, sin 2x, cos a, +
+2 cos 2, cos «, sin «,)]/4.
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This procedure is similar to the one which in the Jahn-Teller E-e problem intro-
duces the polar coordinates. The analogous result here is that the secular equation
determining the adiabatic potentials is dependent only on p,, p,, i.e. the rotational

variables o, o, «, are separated. It takes the following form:
& =1(p1 +p)E> +p,2p1+3p)E> + 12(p1 +p3)°E - 20)
—4p,(2p7+3p3)(p} + p3)=0.
The roots of this equation are:
E1,,=[—p,2/3CpT+4pD]/2 1

(5‘3’4=i'2\/P§+P§, Es=p,

The adiabatic potentials may be obtained from Eq. (21) by adding the potential
energy of the elastic distortions,

Udp)=K(p? +p3)/2 +&,.

As one can see from Eq. (21) the two potential sheets U, 4, corresponding to
&3, 4, have the well known form of an axially symmetrical “Mexican hat” (Fig. 5),

u
L2
LA
“‘5
N \z v S R
U,

" + Fig. 5. Cross-section of the adiabatic
® potentials U,, U,, Us along the p,
(“ direction (see (19)); p, is given in the

V/K units

quite similar to the E-e problem. The Jahn-Teller energy in the lowest surface
trough is £,,=—2V?/K. Taking into account the three degrees of freedom,
separated out above, one can see that the lowest surface possesses a four-dimen-
sional variety of extrema. The potential surface U, corresponding to the root &5
(see Eq. (21)), gives us a paraboloid shape with the minimum coordinates p, =
—V/K, p,=0 (Fig. 5). Two potential surfaces, U, ,, corresponding to &, ,, have
the form of an asymmetrical (sloping) “Mexican hat”, i.e. the lowest of these two
potential sheets represents the sloping trough with one absolute minimum at
pl—ZV/K p,=0, E;;=—2V?/K, and one saddle point p,=—V/K, p,=0,
E = —V?/2K (see Fig. 6). Notice that these two potential sheets U, , are de-
generate with the U, , 5 sheets along the p, =0 axis. While the degeneracy of the
sloping trough U, , with the U, sheet does not seem unusual (the minimum of the
U, sheet is not an absolute one), the existence of two-fold degeneracy in the point
of the absolute minimum of the sloping trough seems to be very strange. Indeed,
according to the Jahn-Teller theorem a further distortion of the molecule, resulting
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U, .
\i:'/gj?/-ﬁ

Fig. 6. Cross-section of the adiabatic poten- |2
tials U,, U, along the p, direction; p, is given
in the V/K units

in a splitting of this two-fold degeneracy, may be expected in this case. However,
this situation is due to considering only the linear Jahn-Teller coupling terms in the
Hamiltonian. The effective vibronic Hamiltonian for the system under considera-
tion with the point p, =2V/K, p,=0 taken as the initial nuclear configuration
has the symmetry of U(2) x U(2) which is much higher than axial. This dramatic
situation is owing to the “accidentally” high initial symmetry U(5) x U(5) contain-
ing the U(2)x U(2) group as subgroup. The unexpected degeneracy should
obviously disappear if the second-order vibronic terms are taken into account.

6. Discussion

The above analysis of the topology of the Jahn-Teller adiabatic potentials for
icosahedral molecules with triplet, quadruplet and quintet degenerate electronic
terms makes it possible to understand the dynamics of the coupled motions of the
electrons and nuclei. Also we may venture to predict certain observable physical
effects using some analogies to the more simple cases investigated earlier [1-5].
For example, in the case of an icosahedral quadruplet with reasonably strong
vibronic coupling the tunnelling through the potential barriers between the 15
equivalent minima of the adiabatic potential results in a splitting of the vibronic
levels (tunnelling or inversion splitting [1]). This splitting can manifest itself in
the optical, infrared and microwave absorption and luminescence and in the
Raman scattering as well as in the temperature dependence of the EPR anisotropic
spectra for paramagnetic centers, e.g. in double nitrates [3]. A small overlap of
the nuclear vibrational states, localized in the near-neighbour Jahn-Teller minima,
leads to the so-called Ham effect, that is a reduction of the matrix elements of the
electronic operators and hence, to a reduction of the calculated physical magnitudes.

In the more complicated situation of a multidimensional trough, as in the cases
of Tand V terms, it is necessary to take into account the next (quadratic) terms in
the vibronic coupling. This second-order approximation can be shown to result
in a warping of the adiabetic potential sheets, i.e. in occurrence of alternating
minima and saddle points along the bottom on the trough (quite similar to the
E-e problem case [17]).
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Some qualitative conclusions about the experimental features may however be
obtained on the base of the linear approximation results of this paper. For instance,
in the case of strong vibronic coupling the multiphonon optical absorption band
for the A — T and A — V transitions must show a three-hump and five-hump
structure respectively. The random strain in the nearest neighbourhood of a para-
magnetic center may lead, as in the icosahedral quadruplet, to an anistropy of the
EPR spectra, the symmetry being reduced to D,, and to a temperature dependence
of the g-tensor. The influence of the Ham effect on the coupling constant is in the
case of an icosahedral quintet expected to be qualitatively similar to the T term
case (see Fig. 4).

The following two circumstances have to be taken into account when comparing
our results with experimental data. First of all after the orthogonal transformation
(3) the force constant K of the effective interacting five-fold degenerate mode is
K=1, and the vibronic coupling constant V is given by Eq. (3a). Secondly, the
interaction between the effective modes mentioned in Sect. 2 must be taken into
account when solving the dynamic problem. This interaction can be neglected only
if Ki/m,~K,/m,, which reduces the problem to a one-mode interaction. In
addition to the simple icosahedral molecules discussed above (Fig. 1), there are
more complicated ones spanning more than two v type representations. In these
cases the breakdown of the requirement K; /m,~ K ;/m; leads to an essential multi-
modal situation. At last in analogy with the 7— (e + £,)) problem for cubic molecules
one can hope that in the linear coupling case the interaction of the icosahedral U
and ¥ terms with the quadruplet vibrations, ignored above, will not essentially
alter our results, provided this interaction is weaker than the coupling to the
quintet modes.
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